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Exercise 1

Let V be a closed subspace of H Hilbert space. Let A be a linear bounded operator on ‘H
such that A (V) < V. Prove that A* (V+) c V4.

Proof. Consider 1) € V1 and let ¢ € V. We then get

because Ap € V and 1 € V+. Given that ¢ was generic, we get that A*¢ e VL.

Exercise 2

Let H be an Hilbert space. Let A be a linear bounded operator on H with linear bounded
inverse A~!. Prove that (A_l)* A* = A* (A_l)* = id. Deduce that A* is invertible and

that (A*)~' = (A71)",

Proof. Given that A is invertible we get that both A* and (Afl)* are well defined linear
bounded operators. Recall that we proved before (see Exercise Sheet number 2) that
(AB)* = B*A*. We then get id = id* = (AAfl)* = (Afl)* A*. In a similar way, we also
get id = id* = (A714)" = A4* (A71)".

Now, given that (A_l)* A* = A* (A_l)* — id then A* is invertible and (A4*)~! = (A_l)*.

O
Exercise 3
Consider the Hilbert space H := £2 (N).
a Define the operator A as
(Aar),, = o1 Vn e N, (1)

for any o = {an},cn € H.
Prove that A is a well defined linear bounded operator, find its norm and its spec-

trum.

b Consider A* the adjoint of A. Show its explicit action and find its norm and its
spectrum.



c Define B := A*A. Prove that B is a self-adjoint operator, show its explicit action
and find its norm and its spectrum.

Hint: Recall that if T is a linear bounded operator, the spectrum o (T') is a closed set,
p(T) =C\ o (T) the resolvent of T is defined as

p(T):= {)\ e C| (T —Xid)™" is a well-defined, linear, bounded opemtor}, (2)
and that o (T)) = Byp| (0), where Bg (0) := {a € H| |laf, < R}.

Proof. To prove a, first consider o = {an} e, 8= {Bn}neny € H and A € C. We get
(A(a+ )‘5))71 = (a+ )‘B)n-ﬂ = Qpy1 + ABpt1 = (Aa)n + A (Aﬁ)n )

and therefore A is linear. To prove that is bounded consider « € H; we get

2 2
|Aals = D] 1(4a), I = > lanf* < Jal,

n=0 n=1

therefore A is well defined from # to itself and |A| < 1. Let now e/ = {§;,}, x; on the
one hand Hej H2 = 1, on the other we also get that for any j > 0 we get HAeJH2 = 1,
therefore |A| = 1.

Given that |A| = 1 we get that o (4) < Bj (0). Consider now A € B; (0). If we look for a
solution of Ao = Ao, we get that such a needs to satisfy

On41 = )\an-

It is easy to see that a,, := A\ satisfies the equation, and given that

2
2 2 2 |l
lal3 = D7 AP ol = T e

n=0 |)‘|

we also get that o € H. This implies that « is an eigenvector for A and as a consequence
B; (0) < 0 (A). Given that the spectrum is always a closed set we get By (0) € o (A) =
o (A) € By (0), and hence o (A) = By (0).

To prove b, let o, v € H. We get

D T (A%a), = (v, Ay = (Ay,a) = 3 (A),an = D Fnvitn = ), Fnln-1.

n=0 n=0 n=0 n=1
Given that a and «y were arbitrary we get that

« _ _J ana if n >0,
(A, i= (1 =0 MM_{O if n = 0.

From the definition we easily get that |A*a|, = ||y, and therefore |[A*|| = 1.



If we now turn to the spectrum, we get that given that |A*| = 1, then o (A*) < By (0).
Consider now A € By (0) and let v € H. We look for « so that (A* — Aid) @ = 7. Then we
have

Qn—1 — AQp = Y, if n>0,

—Aap = 0.

As a consequence, we can sum up the coefficients to get

an <oz] G 1> Z )\Jaj an )\jflozj_l
a =1

n n—1
= Z MNaj — Z Naj = Nay, — ag.
i=1 i=0

On the other hand, we use the fact that (4* — \id) a = 7 to get

n . 1 n .
ap=A"" (Z N <aj - )\ozj1> + a0> — A~ Z N
j=0

=1

If |[A\| < 1, it is easy to see that there exist v € H so that |a,| — 4+ as n — +oo,
and therefore A* — Aid does not have an inverse from H to itself. As a consequence
B1 (0) € 0 (A*), and given that the spectrum is closed, we get B; (0) € o (A*) < By (0),
which implies o (A*) = B (0).

To prove c, a simple computation first gives that (Ba), = (1 — d,0) o, From this it is
easy to see that | B| = 1. B is also self-adjoint because we get B* = (A*A)* = A*A** = B
Given that Be® = 0 and that Be/ = ¢/ for any j > 0, we also get that {0,1} < B. Given
that B is self-adjoint, o (B) < R. Let now A € R\{0,1}. If we consider the equation
(B — \id) o = vy, we get that fixed v € H, « needs to be

(1 =X an =, if n >0,
—)\040 = "0,

and as a consequence we can define

1

eyl o ﬁ’)/n ifn> 0,
((A Ad) ’Y>n. { —%’yo if n =0,

and this is a well defined linear bounded operator, implying that A € p(B). We then
conclude that o (B) = {0, 1}.

O]

Exercise 4

Consider the interval I = (a,b) < R and the Hilbert space H := L? (I). Consider p € C (I)
a real valued continuous function with |¢l|, < +o0. Consider the operator T, defined for
any ¢ € H as

Totp (x) := @ (x) Y (). (3)



Prove that T, is a well defined linear bounded operator and prove that o (T,) = ¢ ().

Hint: Show first that ¢ (I) < o (Ty,) and use the fact that the spectrum is closed to show
——\C
that the same is true for the closures. Next, show that (a (Tsp)) < p(T,) to conclude.

Proof. Let yo € ¢ (I) and let xg € I such that ¢ (z¢) = yo. Consider the sequence given
by
P () 1= { vzl <

0 |z—z0| >

1
i (4)

%.

We then get that |¢, [, = 1 and therefore

N

T n n x0+%
lim ITe¥n = y¥ully = lirfoo (ﬁ j (p(x)—v) d:n)
n— 1:0_%

n—too [,
1 :EoJrﬁ
lim — nJ o(x)de —y
n—+m Yn ro—

From the mean value theorem for integrals, given that ¢ is a continuous function, we get
that

N

Io-&-ﬁ
lim nj o (x)dx = ¢ (xg) =y,

n—+0o0 Io—%
n
and as a consequence
T _
lim H <p7w[}n y@anQ

= 0.
n—+0 H¢nH2

As we saw in class, this implies that y € o (T,,); this implies that ¢ (I) < o (T},), and given
that the spectrum is closed we get that ¢ (I) < o (T},).

On the other hand, let A ¢ ¢ (I); then the operator (T'— Xid) " is defined as
(T = 2id) ™ () = — 1 (2),

and its norm is bounded by H (T — )\id)_1H < sup,ep | (2) — A|7!, which is finite by
hypotheses. As a consequence we get that o (T,,) = ¢ (I).

O]



