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Exercise 1

Let V be a closed subspace of H Hilbert space. Let A be a linear bounded operator on H
such that A pV q Ď V . Prove that A˚

`

V K
˘

Ď V K.

Proof. Consider ψ P V K and let ϕ P V . We then get

xϕ,A˚ψy “ xAϕ,ψy “ 0,

because Aϕ P V and ψ P V K. Given that ϕ was generic, we get that A˚ψ P V K.

Exercise 2

Let H be an Hilbert space. Let A be a linear bounded operator on H with linear bounded
inverse A´1. Prove that

`

A´1
˘˚
A˚ “ A˚

`

A´1
˘˚
“ id. Deduce that A˚ is invertible and

that pA˚q´1 “
`

A´1
˘˚

.

Proof. Given that A is invertible we get that both A˚ and
`

A´1
˘˚

are well defined linear
bounded operators. Recall that we proved before (see Exercise Sheet number 2) that
pABq˚ “ B˚A˚. We then get id “ id˚ “

`

AA´1
˘˚
“

`

A´1
˘˚
A˚. In a similar way, we also

get id “ id˚ “
`

A´1A
˘˚
“ A˚

`

A´1
˘˚

.

Now, given that
`

A´1
˘˚
A˚ “ A˚

`

A´1
˘˚
“ id then A˚ is invertible and pA˚q´1 “

`

A´1
˘˚

.

Exercise 3

Consider the Hilbert space H :“ `2 pNq.

a Define the operator A as

pAαqn “ αn`1 @n P N, (1)

for any α “ tαnunPN P H.

Prove that A is a well defined linear bounded operator, find its norm and its spec-
trum.

b Consider A˚ the adjoint of A. Show its explicit action and find its norm and its
spectrum.
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c Define B :“ A˚A. Prove that B is a self-adjoint operator, show its explicit action
and find its norm and its spectrum.

Hint: Recall that if T is a linear bounded operator, the spectrum σ pT q is a closed set,
ρ pT q ” Cz σ pT q the resolvent of T is defined as

ρ pT q :“
!

λ P C| pT ´ λ idq´1 is a well-defined, linear, bounded operator
)

, (2)

and that σ pT q Ď B}T } p0q, where BR p0q :“ tα P H| }α}2 ă Ru.

Proof. To prove a, first consider α “ tαnunPN , β “ tβnunPN P H and λ P C. We get

pA pα` λβqqn “ pα` λβqn`1 “ αn`1 ` λβn`1 “ pAαqn ` λ pAβqn ,

and therefore A is linear. To prove that is bounded consider α P H; we get

}Aα}22 “
ÿ

ně0

|pAαqn|
2
“

ÿ

ně1

|αn|
2
ď }α}22 ,

therefore A is well defined from H to itself and }A} ď 1. Let now ej “ tδj,nunPN; on the
one hand

›

›ej
›

›

2
“ 1, on the other we also get that for any j ą 0 we get

›

›Aej
›

›

2
“ 1,

therefore }A} “ 1.

Given that }A} “ 1 we get that σ pAq Ď B1 p0q. Consider now λ P B1 p0q. If we look for a
solution of Aα “ λα, we get that such α needs to satisfy

αn`1 “ λαn.

It is easy to see that αn :“ λnα0 satisfies the equation, and given that

}α}22 “
ÿ

ně0

|λ|2n |α0|
2
“

|α0|
2

1´ |λ|2

we also get that α P H. This implies that α is an eigenvector for A and as a consequence
B1 p0q Ď σ pAq. Given that the spectrum is always a closed set we get B1 p0q Ď σ pAq “
σ pAq Ď B1 p0q, and hence σ pAq “ B1 p0q.

To prove b, let α, γ P H. We get

ÿ

ně0

γn pA
˚αqn “ xγ,A

˚αy “ xAγ, αy “
ÿ

ně0

pAγqnαn “
ÿ

ně0

γn`1αn “
ÿ

ně1

γnαn´1.

Given that α and γ were arbitrary we get that

pA˚αqn :“ p1´ δn,0qαn´1 ”

"

αn´1 if n ą 0,
0 if n “ 0.

From the definition we easily get that }A˚α}2 “ }α}2, and therefore }A˚} “ 1.
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If we now turn to the spectrum, we get that given that }A˚} “ 1, then σ pA˚q Ď B1 p0q.
Consider now λ P B1 p0q and let γ P H. We look for α so that pA˚ ´ λ idqα “ γ. Then we
have

αn´1 ´ λαn “ γn, if n ą 0,

´λα0 “ γ0.

As a consequence, we can sum up the coefficients to get

n
ÿ

j“1

λj
ˆ

αj ´
1

λ
αj´1

˙

“

n
ÿ

j“1

λjαj ´
n
ÿ

j“1

λj´1αj´1

“

n
ÿ

j“1

λjαj ´
n´1
ÿ

j“0

λjαj “ λnαn ´ α0.

On the other hand, we use the fact that pA˚ ´ λ idqα “ γ to get

αn “ λ´n

˜

n
ÿ

j“1

λj
ˆ

αj ´
1

λ
αj´1

˙

` α0

¸

“ ´λ´pn`1q
n
ÿ

j“0

λjγj .

If |λ| ă 1, it is easy to see that there exist γ P H so that |αn| Ñ `8 as n Ñ `8,
and therefore A˚ ´ λ id does not have an inverse from H to itself. As a consequence
B1 p0q Ď σ pA˚q, and given that the spectrum is closed, we get B1 p0q Ď σ pA˚q Ď B1 p0q,
which implies σ pA˚q “ B1 p0q.

To prove c, a simple computation first gives that pBαqn “ p1´ δn,0qαn. From this it is
easy to see that }B} “ 1. B is also self-adjoint because we get B˚ “ pA˚Aq˚ “ A˚A˚˚ “ B.
Given that Be0 “ 0 and that Bej “ ej for any j ą 0, we also get that t0, 1u Ď B. Given
that B is self-adjoint, σ pBq Ď R. Let now λ P Rz t0, 1u. If we consider the equation
pB ´ λ idqα “ γ, we get that fixed γ P H, α needs to be

p1´ λqαn “ γn, if n ą 0,

´λα0 “ γ0,

and as a consequence we can define

´

pA´ λ idq´1 γ
¯

n
:“

"

1
1´λγn if n ą 0,

´ 1
λγ0 if n “ 0,

and this is a well defined linear bounded operator, implying that λ P ρ pBq. We then
conclude that σ pBq “ t0, 1u.

Exercise 4

Consider the interval I “ pa, bq Ď R and the Hilbert space H :“ L2 pIq. Consider ϕ P C pIq
a real valued continuous function with }ϕ}8 ă `8. Consider the operator Tϕ defined for
any ψ P H as

Tϕψ pxq :“ ϕ pxqψ pxq . (3)
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Prove that Tϕ is a well defined linear bounded operator and prove that σ pTϕq “ ϕ pIq.

Hint: Show first that ϕ pIq Ď σ pTϕq and use the fact that the spectrum is closed to show

that the same is true for the closures. Next, show that
´

σ pTϕq
¯c
Ď ρ pTϕq to conclude.

Proof. Let y0 P ϕ pIq and let x0 P I such that ϕ px0q “ y0. Consider the sequence given
by

ψn pxq :“

" ?
n |x´ x0| ď

1
2n ,

0 |x´ x0| ą
1
2n .

(4)

We then get that }ψn}2 “ 1 and therefore

lim
nÑ`8

}Tϕψn ´ yψn}2
}ψn}2

“ lim
nÑ`8

˜

?
n

ż x0`
1
2n

x0´
1
2n

pϕ pxq ´ yq dx

¸
1
2

“ lim
nÑ`8

1
4
?
n

˜

n

ż x0`
1
2n

x0´
1
2n

ϕ pxq dx´ y

¸
1
2

.

From the mean value theorem for integrals, given that ϕ is a continuous function, we get
that

lim
nÑ`8

n

ż x0`
1
2n

x0´
1
2n

ϕ pxq dx “ ϕ px0q “ y,

and as a consequence

lim
nÑ`8

}Tϕψn ´ yψn}2
}ψn}2

“ 0.

As we saw in class, this implies that y P σ pTϕq; this implies that ϕ pIq Ď σ pTϕq, and given
that the spectrum is closed we get that ϕ pIq Ď σ pTϕq.

On the other hand, let λ R ϕ pIq; then the operator pT ´ λ idq´1 is defined as

pT ´ λ idq´1 ψ pxq “
1

ϕ pxq ´ λ
ψ pxq ,

and its norm is bounded by
›

›

›
pT ´ λ idq´1

›

›

›
ď supxPR |ϕ pxq ´ λ|

´1, which is finite by

hypotheses. As a consequence we get that σ pTϕq “ ϕ pIq.
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